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Abstract . 

.  The  paper  is  the  second  in  the  series  devoted  to  the  study  of  construc¬ 
tions  of  families  of  homogenizations.  In  the  first  paper  (81  the  properties 
of  the  kernel  ♦(•,h,t)  were  utilized.  In  this  paper  these  properties  are 


established. 


1.  Introduction. 


In  [8]  we  developed  an  integral  representation  of  the  solution  to  a 
differential  equation  that  models  the  equations  that  arise  in  the  study  of 
periodic  media  (e.g. ,  composite  materials).  The  elliptic  differential  equa¬ 
tion  studied  in  [8]  is  ' 


Zd  .  .x.du^ 

ax  ^^pq^h^ax 
1  P  q 

p.q=i 


(x) ) + aQ(^)u^(x)  =  f(x) 


on  in  which  a  auid  a*  are  real-valued  27r-periodic  functions  and  h 

is  a  given  positive  number.  An  alternate  proof  of  the  classical  homogeniza¬ 
tion  result  (the  limit  of  u^  as  h— ^0)  wss  given  in  [8],  beised  on  the 
integral  formula  for  u^  that  was  developed  there 

The  integral  representation  of  u*'  depends  on  the  2it-per iodic  function 
^(•,h, t)  that  satisfies 


p,q=l  P  ^ 


on  {y  €  r”  :  ly^l  <  «>,  in  which  t  €  r”.  The  main  empheisis  of  [7]  was 
placed  on  the  function  u^;  the  properties  of  ^  that  were  needed  there  were 
stated  without  proof.  This  paper  presents  an  analysis  of  4>  in  order  to 
prove  these  claims,  namely,  Lemmas  1  and  12  in  [8].  Theorem  1  in  this  paper 
is  equivalent  to  Lemma  1  in  [8],  whereas  the  content  of  Lemma  12  and  the  dis¬ 
cussion  preceding  it  in  [8]  is  contained  in  Theorems  16  and  18  here. 

In  section  2,  the  notation  used  here  and  the  equation  that  0(*,h,t) 
satisfies  are  given  along  with  the  statement  of  Theorem  1.  The  proof  of 
Theorem  1  is  presented  in  section  3.  The  expansion  of  ^(‘.h, t)  in  powers  of 
h  and  properties  of  this  expansion  are  developed  in  section  4.  Section  5  is 


devoted  to  developing  several  Emalyticity  results  associated  with  families  of 
sesquilinear  forms.  The  results  of  section  5  sure  used  extensively  in  section 
3.  Additional  details  and  references  can  be  found  in  [7]. 

A  method  for  systematically  developing  classes  of  differential  equations, 
or  even  pseudodifferential  operators,  that  describe  the  behavior  of  composite 
materials  with  a  periodic  structure  has  been  introduced  in  [3]  and  is  based  on 
the  results  of  [8]  and  this  paper. 


2.  Notation  and  statement  of  the  problem. 

Let  S  a  {y  a  (y^,  .  ,  .  ,y^)  e  :  jy^^l  <  n  for  k  =  1, .  .  .  ,n},  and  for 

J  =  0,1,  denote  the  standard  Sobolev  norm  on  S  by  ll*llj.  In  addition, 

define  [•L  by  |v.  |  a  fj*  J]  ||2L.(y)  j^dy  |  The  Sobolev  spaces  of 

^S  p=l  ‘^^p  J 

periodic  functions  for  which  S  is  the  fundaunental  period,  is  denoted  by 

(S),  and  is  defined  to  be  the  completion  with  respect  to  11*11  ,,  of  th 
per  j 

complex-valued,  C*-f unctions  on  that  are  2Tr-periodic  in  each  coordinate 

variable. 

Let  a  ,  for  p,q  =  l,...,n,  and  a^  be  real-valued,  2ir-periodic, 
pq  u 

L  -functions  defined  on  r”.  Furthermore,  assume  a  =  a  smd  that  there 

00  qp  pq 

exist  positive  constants  and  y^  such  that 

a^Cx)  S  y^  Eind 

(1)  •  n  n  p 

Y  a  (x)?  C  ^7,  E  K  I  for  all  C  e  C, 

[p.q=l  'J  P  ^  pil  P  P 

almost  everywhere  on  r”.  For  each  h  e  C  and  t  €  define  the  sesqui¬ 
linear  form  ♦(h,t)  :  (S)xH^  (S)^C  by 

per  per 


2 


(2) 


*(h,t)[^,v]  = 


n 


Z!  \  3  /  ^  iht*y.  3  ,-7 — r  -iht*y, 

S'i5,q=l 


+  h  aQ(y)^(y)v(y)  fdy. 


In  section  3  we  will  prove 

Theorem  1.  There  exists  a  neighborhood  G  of  (contained  in 

such  that  a  unique  function  0(*,h, t)  e  (S)  exists  for  each  (h, t)  e  G 

per 

and  satisfies 

(3)  ♦(h,  t)(^(*,h,  t),  v]  =  h^  FFdy  for  all  v  e  (S). 

per 

••s 

Furthermore,  the  mapping 

(4)  (h.t)K-»^(«,h,t)  € 

per 

is  holomorphic  on  G  (see  Definition  19,  section  5). 

In  the  proof  of  Theorem  1,  the  following  eigenvalue  problem  will  be  con¬ 
sidered:  seek  A(h,t)  €  C  and  a  non-zero  function  (^(•,h,t)  6  (S)  such 

per 

that 


(5)  ♦(h,t)(0(*,h,t),v]  =  A(h,t) 


^(y,h, t)v(y)dy  for  all  v  e  (S). 

per 


Before  proceeding  to  the  proof  of  Theorem  1,  we  give  two  lemmeis  that  we  will 
use  repeatedly. 

Lemma  2.  A  constant  exists  such  that 

for  all  V  e  H^(S),  the  standard  Sobolev  space,  and  for  all  t  e  R*^,  where 


3 


2  2  2 

iitir  s  + ... 

1  n 

Proof.  The  proof  of  the  right -hamd  inequality  is  straight-forward.  The  ine¬ 
quality  on  the  left  is  proved  by  applying  the  right -hauid  inequality  to  the 
i  t  •  y 

function  w  =  ve  : 

||v||^  =  l|we‘^*'*y|lj  Cgd+lltlDllwll^.  □ 

Lemma  3.  Let  H  be  a  complex  Hilbert  space  with  norm  IhHu  and  inner 

11 

product  *  *  HxH— »C  be  a  sesquilinear  form  (i.e.,  #[0,v] 

is  linear  in  ^  and  conjugate- linear  in  v).  If  there  exist  constaints  M 
and  r  such  that 

euid 

rllvii^  s  l^[v,  v]  I 

» 

for  all  <p  and  v  in  H,  then  for  each  f  6  H  ,  the  space  of  bounded 
conjugate-linear  functionals  on  H,  there  is  a  unique  ^  e  H  such  that 

♦[^,v]  =  f(v)  for  all  V  e  H. 

Moreover,  ||^1|  <  J|(f|| 

n  T  H 

Lemma  3  is  known  as  the  Lax-Mi Igram  theorem  (see  [2]).  The  essense  of 

the  proof  of  Lemma  3  is  the  existence  of  a  bounded  opjerator  A  that  maps  H 

isomorphically  onto  H  such  that  ♦(^,v]  =  (A^,v)„  for  all  ^  and  v  in 

H 

H.  This  fact  will  be  used  in  the  proof  of  Theorem  22,  in  section  5. 


4 


3.  Proof  of  Theorem  1. 

The  ideas  and  results  of  section  5  will  be  used  extensively  in  this 

section.  Note  that  (S)  and  (S)  satisfy  the  conditions  imposed  on 

por  per 

H  and  V,  respectively,  in  section  5,  i.e. ,  (S)  is  a  continuously, 

per 

densely,  auid  compactly  embedded  subspace  of  H  (S).  (A  disciission  of  spaces 

per 

of  periodic  functions  is  contained  in  [1].)  Cleeu'ly,  (h,t)  e  c”  — * 

*(h,t)[0,v]  e  C  is  am  analytic  function  for  each  A  amd  v  in  (S). 

per 

We  stamt  here  by  determining  am  open  set  G  c  such  that  c  G 

and  such  that  ♦(h, t)  satisfies  inequalities  similair  to  (34)  and  (35)  for 
each  (h,t)  e  G.  Then  we  will  show  that,  in  the  sense  of  (5),  0  is  not  an 

eigenvlaue  of  ♦(h,t)  when  h  *  0  and  (h,  t)  e  but  that  0  is  a 

simple  eigenvalue  of  4(0, t).  The  conclusions  of  Theorems  26  amd  27  in 
section  5  get  us  part  of  the  way  through  the  proof  of  theorem  1;  we  must 
Investigate  further  the  eigenvalue  problem  aissociated  to  *(0,t). 

Lemma  4.  There  exists  an  op)en  set  G  c  amd  real-valued  functions  M, y, 

amd  p  such  that  p  is  continuous  on  G  amd  for  each  (h,t)  e  G,  M(h,t)  > 
0,  r(h,t)  >  0, 


amd 


i)  l♦(h,t)(0,v]  I  i  M(h,t)||^||J|v|L  for  all  ^  amd  v  in  H  (S), 

1  1  per 


li)  r(h,t)||v||^  5  Re(*(h,t)[v,v]) +p(h,t)||v||^  for  all  v  6  (S). 

1  u  per 


Moreover,  G  cam  be  chosen  so  that 
ever  (h, t)  €  G. 


,n+l 


c  G  amd  so  that  (h, t)  e  G  when- 


Proof .  For  each  z  €  amd  0  amd  v  in  H^^(S),  define  the  sesqui- 
llneam  form 


B(2)[0,v]  = 


.  n 

I 

S  p,q=l 


apq(y)g^(0(y)e^^*^)gp-(v(y)e  ^^’^)dy: 


5 


thus,  *(h,t)[»>,v]  =  B(ht)[^, v]  +  h^r  a-{y)^(y)v(y)c[y.  Whenever  it  is  conven- 

■^s 

ient  in  this  proof,  we  will  use  ht  =  p  +  itr  where  p  and  <r  are  real 
n-vectors.  Defining 

F(p,<r)[^,v]  =  B(p+l<r)t^.  v]  -  B(p)[^, v] 

-  n 


S  p,q»l 

-<r  d(y)e^^  ^5^(v(y)e  -  o-  o-  d(y)v(y)}dy 


3y, 


q  p 


it  follows, 

K  such  that 

(6) 

In  addition. 


since  each  a  is  an  L  -function,  that  there  exists  a  constant 

pq  * 


lF(p,<r)[^,vl|  S  K||<rl|(l+||<r|l)||^^^'^||j||ve^^*^||^. 
there  is  a  constant  K'  such  that 
|B(p)[^,v](  S 


Lfsing  Lemma  2  and  the  fact  that  aQ  is  bounded,  it  follows  that  there  exists 
a  positive  number  M(h,t)  for  each  (h, t)  such  that  (i)  is  true. 

Next  a  consequence  of  ( 1 )  is  that 

B(p)[v,vJ  i  yjlve^^’^l^ 

and  therefore 


(7)  Re(B(p+i<r)[v,  v] )  +yj||v||Q  =  B(p)[v,v]  +  Re(F(p,  <r)  [v,  v] )  +rjllv||Q 

i  (yj-K||(r||(l+||<r|l))||ve^P‘y||^. 

We  now  define  G  by 

G  *  {(h,t)  €  :  K(|Im(ht)||(l+||Im(ht)||)  < 


6 


and  set 


r(h,t)  =  — 5 - 

2CQ(l+||Re(ht)l|) 


in  which  is  defined  in  Lemma  2.  Finally,  setting  K"  =  lla^ll^  (3,  and 

00 

using  (7)  and  Lemma  2,  we  conclude  that 


Re(*(h,  t)  [v,  v] )  +rjl|v||Q 

=  Re(B(ht)[v,vl) +Re(h^  a^(y)  I v(y)  |^dy)  +  yjllvH^ 

^  r(h.t)|lvii^-K"lhl^llvi!^ 

for  (h.t)  6  G,  which  yields  (il)  with  fi(h,t)  =  K"|h|^  +  yj^.  □ 

For  each  (h,  t)  e  G,  we  can  eissociate  to  ♦(h,t)  a  closed  operator 
T(h, t)  as  in  Theorem  22: 


♦  (h.t)(0.v]  =  (T(h,t)^,v)  -  for  all  v  €  H_(S) 

r  (S) 
per 


and  for  all  <p  in  the  domain  of  T(h, t),  which  is  a  dense  subspace  of 

(S).  Reference  is  made  to  T(h, t)  in  the  next  few  pauragraphs  in  order  to 

per 

draw  upon  the  results  of  section  5. 

For  each  (h,t)  €  a  direct  consequence  of  (1)  eind  lemma  2  is 


(8)  ♦(h,t)[v]  a  y^|ve^^^*^|^  + y^h 


_  _  min<y  h  ,y,> 

"viIq  ^ 

2C„(l+||{ht|l)'' 


for  all  V  6  (S).  If  (h.t)  €  and  h  *  0,  then  the  hypotheses  of 

per 

Lemma  3  are  satisfies;  hence  ♦(h,t)[^,v]  =  [  w(y)v(y)dy  for  all  v  € 

■’s 

(S),  is  uniquely  solvable  for  each  w  €  (S).  Consequently,  0  is  in 

per 

the  resolvent  set  of  T(h,t),  and  by  Theorem  26,  {(h,t)  €  R*'*^  :  h  *  0>  Is 


7 


contained  in  an  open  set  in  on  which  (4)  is  holomorphic. 

Now  let  h  =  0.  For  any  x  €  (or  c”),  we  have  from  the  first 


inequality  in  (8)  that 


<K0,t)(v,v]  k  r^lvl 


If  0  is  am  eigenvalue  of  ♦(0,t)  with  €  H  (S)  being  an  associated 


eigenfunction,  then 


0  =  >  yjll/'oli' 


amd  consequently,  is  a  constant  function,  which  depends  on  x.  There¬ 

fore,  0  is  an  eigenvalue  of  (the  associated  closed  operator)  T(0,x),  and 
ipQ  is  the  only  eigenfunction  associated  to  0.  There  ame  no  generalized 
eigenfunctions  when  x  e  R*’  because  the  identity  ♦(O,x)[v,0]  =  4(0, x)  [tp,  v] 
implies,  by  Corollary  25,  that  T(0,x)  is  selfadjoint. 

The  following  conclusions  can  now  be  drawn  from  Theorem  27.  For  each 
X  €  R^,  there  exists  a  neighborhood  c  G  of  (0,x),  and  there  exists  a 
complex  valued  function  X,  analytic  on  G^,  sucht  hat  X(0,t)  =  0  for 
(0,t)  €  G^  amd  such  that  X(h, t)  is  a  simple  eigenvalue  of  ♦(h,t)  when 
(h,  t)  €  G.  Furthermore,  there  exist  two  holomorphic  functions  (h,t)  €  G^ 
P(h,t)  and  (h,t)  €  G^i — »R2(0,h,t),  with  values  in  the  space  of  bounded 

linear  operators  that  map  (S)  into  (S),  such  that  P(h,t) 

p©r  p©r* 

projects  (S)  onto  the  1-dimensional  eigenspace  spanned  by  the  eigen- 

per 

vector  associated  to  X(h,t),  and  such  that 


(9) 


p 

0(-,h,t)  =  ^^^£-^(h,t)l +  h''R2(0.h,t)l 


for  each  (h,t)  e  G^  for  which  X(h,t)  *  0.  Here  1  is  the  constaint  func¬ 
tion  that  taikes  on  the  value  1  on  S.  Note  that  X(h,  t)  is  not  identically 
0  on  G^  since  0  is  not  an  eigenvalue  of  iKhiX)  when  h  is  a  non-zero 


8 


real  nvunber;  therefore,  this  representation  of  ^(‘.h.t)  is  meaningful. 

Clearly,  the  holomorphy  of  (h,t)i — »^(*,h,t)  on  G  is  completely 

2  2  ^ 

determined  by  that  of  will  show  that  has  an  analytic 

continuation  to  h  =  0,  and  that  there  Is  a  suitable  restriction  G'  of  G  , 

T  T 

on  which  X(h, t)  =0  if  and  only  if  h  =  0.  This  will  be  done  by  determining 
part  of  the  Taylor  expansion  of  A(h, t)  in  powers  of  h  about  h  =  0,  where 

jr 

it  will  be  seen  that  the  coefficient  of  h  is  0  for  k  =  0,1. 

For  the  moment,  we  assume  the  existence  of  a  function  u,  ainalytlc  on 
G^,  such  that 

(10)  X(h,t)  =  h^w(h,t)  for  (h,t)  €  G^. 

Letting  ii(*,h,t)  €  (S)  be  the  eigenfunction  associated  to  X(h,t)  as  in 

per 

(5),  the  first  inequality  in  (8)  yields 

rQh^tl(*,h,t)||2  i  «(h,t.)(V>(*.h,t),^^(*,h,t)]  =  A(h,t)l|^(*,h,t)|l^ 

for  (h,  t)  €  G^  n  Consequently,  wCh,  t)  S  for  (h,  t)  6  G^  n  R^*^, 

and  by  continuity,  there  is  an  open  set  G^  c  G^  such  that  (G^  n  R**  ')  c  G^ 
and  Re(«(h,  t))  >  0  for  (h,  t)  €  G' .  Thus  (h,t)i — .  s  is 

T  A I  h,  t  y  h,  t  y 

auialytic  on  G;^,  from  which  it  follows  that  (9)  is  holomorphic  on  G^  as 
well.  Assuming  that  (10)  is  valid.  Theorem  1  is  proven. 

In  the  process  of  determining  the  Taylor  expansion  of  A(h,t)  in  powers 
of  h  about  h  =  0,  we  develop  a  similar  expauision  of  the  eigenfunction 
^(•,h,t).  In  section  5  (see  (45)),  we  show  that  ^(•,h,t)  can  be  chosen  so 
that  it  depends  holomorphlcally  on  (h, t)  €  G^.  The  Taylor  expansion  of 
A(h,t)  and  V'(*.h,t)  in  powers  of  h  will  be  obtained  next,  by  expanding 
the  eigenvalue  equation  (5)  in  powers  of  h  and  equating  the  coefficients  of 
like  powers. 
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Upon  setting 


•'S  p,q=l  ^  -^p 

♦j(t)[^,v]  *  ij^  Y.  ■  |y“^y^''(y)*^p^'^y 

p  ^ 


s  p,q*l 


vl  s  J  r  £ 
’'S4).q=] 


for  all  <p  amd  v  in  (S)  aind  for  all  t  6  c”,  it  follows  from  the 

per 

definition  of  *(h, t)  that 

(12)  ♦(h.t)  =  *Q  +  *j(t)h  +  *2^'^)^^- 

n  .  n  . 

Substituting  the  expansions  X{h,t)  =  E  0(*,h,t)  =  5^^(*,t)h^,  and 

k=0  k*0 

(12)  into  equation  (5),  equating  like  powers  of  h,  and  noting  that  ^Q(t)  = 
A(0,t)  =  0,  the  following  system  of  equations  is  derived: 


k  *  0 

Ai(t)f  (y,  t)v(y)dy  -  (t )  [^^l  ( • ,  t) ,  v) ,  k  =  1 

•,t),v]  =  .  1  Js  ^  ^  ° 

k  f.  _  z 

E  ^/(t)  ,(y.t)v(y)dy  -  E  ♦p(t)[^.  .(‘.tl.vj,  k>2 

U=1  '’s  t=l  ^ 


for  all  V  €  H  (S).  Successively  solving  the  equations  in  (13)  will  yield 

per 

formulas  for  the  ^j^(t)  and  0j^(*,t). 

The  method  of  solving  (13)  will  be  based  on  Lemma  6,  below.  First  note 


♦-[0,1]  *  ♦^[l,^]  =  ♦,(t)[l,l]  = 


for  all  0  €  (S)  and  for  each  t  €  C*'. 

per 

Definition  5.  W  a  {v  e  (S)  :  f  v(y)dy  *  0> , 

per*  Jc 


10 


Each  function  in  (S)  can  be  represented  uniquely  ais  the  sum  of  a 

constant  function  and  a  function  in  U. 


Lemma  6.  1*1^  is  a  norm  on  W,  auid  there  exists  a  constant  K  such  that 

♦q[v,v]  i  yjlvlj 

for  all  ^  and  v  in  W. 

Each  equation  in  (13)  is  of  the  form 


=  fjf(v)  for  all  v  e 


in  which  Fj^  is  a  conjugate-linear  form  on  Hp^^(S)  which  depends  on  t; 

Aj(t) . . . .  ,0j^_j(*,t).  Ftirthermore,  Fj^  is  bounded  on 

(S).  It  is  also  bounded  on  W,  as  a  result  of  the  closed  graph  theorem 
(see  (31)).  A  consequence  of  (14)  is  that  we  must  ensure  that  “  0> 

which  will  determine  uniquely.  Then  Lemmas  3  and  6  imply  that 

0j^(*,t)  is  determined  uniquely  as  an  element  in  W,  that  is,  up  to  an  addi¬ 
tive  constant.  However,  the  arbitrary  constants  in  i^»j^(*,t)  will  remain 
essentially  arbitrary  because,  being  an  eigenfunction,  f^(*,h,t)  is  uniquely 
determined  up  to  a  multiplicative  constant  only. 


Theorem  7.  For 
(15) 


k  i  1,  define  functions  ^  ^  according  to 

’-♦j(t)[l,v], 

-♦j(t)(Xj(*,t),vl  -  ♦gt^^Hl.v], 


(y. t)v(y)dy 


2 

Z  ♦,(t)[i.  .(•,t),v], 

J=1  J  K  J 


k  =  1 
k  =  2 

k  S  3, 


for  all  V  €  W,  where 
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t  =  1 


0. 

— +*,(t)[l.ll),  1=2 

(16)  X^(t)  =  .  (2^)*^  ^  ^ 

— ^r(«i(t)[%,  -(‘.t).!]  +  *At)li,  _(-.t).l]),  ^  >  3. 

(2^)n  1  1-1  2  1-2 

> 

Next,  define  e  (S)  for  t^O  by 

c  per 

■fQ(t),  1=0 

(17)  0.(*.t)  =  ■  t-1 

E  f  ,(t)i,  .(‘.t) +f,(t).  liii. 

j*o  J  ^  J 

in  which  each  f^  is  a  holomorphic  function  (in  a  neighborhood  of  t  *  t) 
and  f‘Q(t)  *  0  for  all  t.  Then  (16)  and  (17)  solve  (13). 

Proof.  Ufxjn  solving  (13)  with  k  =  0,  we  have  that  ^^C'.t)  must  be  a 
constant  function,  which  we  denote  by  fQ(t)  and  which  we  eissume  is  non-zero 
for  each  t  because  fQ(t)  -  i^q(  • ,  t)  =  ^(•,0,t)  is  2ui  eigenfunction. 

In  order  to  simplify  notation,  we  will  drop  the  dependence  on  t  in  the 
remainder  of  the  proof. 

For  k  =  1,  (13)  becomes 

*0^'^!’'^^  =  ^jfg  v(y)dy - v]  for  all  v  e  H^^(S). 

Setting  V  =  1  eind  using  (14)  yields  0  =  Xj^fQ(27i)’^,  which  implies  =  0 
because  f^  *  0.  Now  (13)  with  k  =  1  can  be  reduced  to 

♦ot^l»v]  *  -fQ#j^[l,vI  for  all  v  €  W, 

the  solution  of  which  is  given  by  (17)  with  1=1. 

Substituting  (16)  and  (17)  into  (13)  with  k  =  2.  yields 
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=^2^0 


v(y)cly  -  ll+f  1,  vl ) 

S 


for  all  V  €  (S).  Again,  set  v  =  1  and  use  (14)  to  obtain  0  = 

per 

A2fo^2ir)"-fQ(*i[ii.l] Since  *  0.  the  solution  to  this 
equation  is  given  by  (16).  Now  (13)  with  k  =  2  can  be  reduced  to 


“  ■^0^*1^^!’''’ ■^*1^'’''^^  ■^1*1^^'''^  for*  all  V  e  W. 

auid  the  solution  to  this  equation  is  given  in  (17). 

An  induction  argument,  similar  to  the  one  we  will  use  in  the  proof  of 
Theorem  15  establishes  the  remaining  formulas  in  (16)  zuid  (17). 


As  we  noted  earlier,  the  arbitrary  nature  of  the  constants  f^Ct)  can  be 

traced  to  the  fact  that  the  eigenfunction  ^(‘.h, t)  is  determined  uniquely, 

*  k 

up  to  a  multiplicative  constant,  only.  To  see  this,  let  c(h,t)  =  c.  (t)h 

k=0 


be  analytic  in  h  and  t,  with  CQ(t)  *  0,  and  define 

k 

f*(t)  =  ^  ° 

^=0 


8md 


'f*(t),  k  =  0 

■lc-1  , 

E  f,(t)i^  .(•,t) +f  (t),  k  >  1. 
j^O  J  J 


•  k 

Then  E\('^(*.t)h  is  the  power  series  expemsion  of  c(h, t)0( • , h, t ) ;  clearly 
k*0 

the  form  of  i/>^  is  the  same  as  that  of 

We  have  shown  that  (10)  is  correct,  and  consequently,  the  proof  of 
Theorem  1  is  complete. 
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4.  Expeinslon  In  powers  of  h. 

The  expansion  of  t)  in  povfers  of  h  can  be  determined  formally 

by  expanding  (3)  in  powers  of  h  and  equating  like  powers.  This  formal  pro¬ 
cess  is  valid  because  hi — »d(»,h, t)  €  (S)  is  holomorphic  at  h  =  0  for 

per 

each  t  €  c”  such  that  (0,t)  €  G  (see  Theorem  1),  euid  because  4(h, t)[^, v] 

is  a  polynomial  in  h  and  t  for  fixed  ^  and  v  in  (S).  By 

per 

substituting 

os 

(18)  ^(‘.h.t)  =  ^^j^(*,t)h‘' 

k=0 


and  (12)  into  equation  (3),  the  following  system  of  equations  for  the  coeffi¬ 
cients  obtained. 


(19) 


0. 


*j(t)[0Q(*.t).v]. 


k  =  0 


J  v(y)dy  -  ♦^(t)(^j^_j(»,t),v)  -  *2^^^  ’  I'  =  2 


[-*j(t)[0j^_j(*,t),v]  -  «2(t)[^j^_2(*.t).v], 


k  >  3 


for  all  V  €  The  radius  of  convergence  of  (18)  depends  on  t,  and 

each  coefficient  (‘.t)  is  in  (S)  and  depends  holomorphically  on  t. 

K 

The  method  of  determining  each  is  similar  to  that  used  in  the  proof 

of  Theorem  7  to  determine  the  Taylor  expansions  of  hi — >A(h,t)  and 

hi — »0(*,h,  t).  Recall  that  W  is  the  subspace  of  (S)  of  functions  that 

per 

have  an  average  value  of  0.  A  consequence  of  (14)  is  that  the  right-hand 
side  of  (19)  must  be  equal  to  0  when  v  =  1.  On  the  other  hand,  restricting 
V  to  be  in  W,  Lemmais  3  and  6,  applied  to  (19),  uniquely  determine 


as  an  element  in  W  (i.e.,  up  to  an  additive  constant),  in  terms  of 


14 


and  Then  becomes  uniquely  defined  as  an 

element  in  (S)  by  requiring  the  right -hzind  side  of  the  equation  for 

per 

to  be  0  when  v  =  1. 

Theorem  15.  For  each  k  i  1  define  ®  ^  to  be  the  solution  of 


(20)  ♦QtZj,(*.t).v] 


-*j(t)[l.v].  k  =  1 

■ -*j(t)(Zj(-.t).v]  -♦2(t)[l.v],  k  =  2 

-*l(t)[Zk_if*.t).v]  -  I'  ^  3 


for  all  V  e  W,  and  for  each  k  i  0  define  ® 


(21) 

gk(t) 


(2«)"  ,  _  „ 

*^(t)[z^(-.t).l]+*2(t)ll.l]’  ^  ° 

g  (t)  k-1 

-- Z  g,(t)(*.(t)[z^  .(-.t),!] +»  (t)[aj  (-.t),!]).  k  >  1. 

(2n)"  J=0  J  ^  ^  J 


\r 

Then  the  coefficient  of  h  in  (18)  is  given  by 


(22) 


gQ(t),  k  =  0 

•  k-1 

Z  gj(t)Zk_j(*.t) +gk(t).  k  i  1. 

_J-0 


Proof.  Throughout  this  proof  we  will  suppress  all  dependence  upon  t.  First, 
e2u:h  is  well  defined  in  W  by  (20)  because  of  Lemmeis  3  and  6  and  because 

each  right-hand  side  in  (20)  is  a  bounded  conjugate- lineeu*  form  on  W  (see 
(30)  and  (31)). 

It  follows  immediately  from  (19)  with  k  =  0,  that  (p^  is  a  constant 
function,  which  we  denote  by  g^.  For  k  =  1  in  (19),  we  now  have 

♦o^^l'^'J  =  "go^ltl.v]  for  all  v  e  H^^(S). 
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Since  *^[1,1]  =  0  (see  (14)),  the  solution  heis  the  form  of  (22):  ICj 

is  defined  by  (20),  but  and  are  arbitrary  constants. 

We  next  consider  k  =  2  in  (19),  2Uid  substituting  (22),  we  obtain 


(23) 


v(y)dy-  (gQ*j[Zj,vl  +  gj*j[l,v] )  - 

•'s 

for  all  V  e  (S). 

per 


Setting  V  =  1  and  using  (14)  yields 

0  =  *q[*2.11  =  (2ii)"-gQ(*j(Zj,l] 

Solving  for  g^  yields  (21)  with  k  =  0.  On  the  other  hand,  requiring  v  to 
be  in  W,  and  using  (20),  gives 

«q(02.v]  =  -gQ(«j(3Cj.v] +#2^ 

which  can  be  solved  easily  for  <f>2  a  function  in  W.  Thus,  is  com¬ 
pletely  determined  as  in  (22),  whereais  and  the  form  of  (22);  we 

have  yet  to  show  that  g^  and  g2  have  been  correctly  defined. 

Now  let  k  2  3,  emd  eissume  that  . au'e  given  by  (22),  amd 

that  2  ^k-1  form  of  (22).  That  is,  we  au'e  certain  that 

gQ,- ■  ■,gjj_3  are  correctly  defined  in  (21),  but  are  not  sure  about  gj^_2 
®k  1'  with  to  show  that  gj^_2  correctly  defined  in  (21)  and  that 
has  the  form  of  (22).  Maiking  use  of  our  aissumptions,  (19)  becomes 


k-3 


J=0 
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Setting  V  =  1  yields 


0 


k-3 


J=0 


(2it)" 

“g^k-2’ 


which  can  be  solved  for  E^_2>  thus  obtaining  (21).  Finally,  upon 

requiring  v  to  be  in  W,  it  follows  from  (20)  that  has  the  form  given 

in  (22).  □ 


Next,  we  sufficiently  investigate  the  properties  of  the  expansion  of 
^(•,h, t)  in  powers  of  h,  to  be  able  to  prove  Lemma  12  in  [8].  The  results 
are  stated  here  in  Theorems  16  and  18. 

We  begin  by  determining  the  dependence  on  t  of  Zj(*,t).  Expanding  the 
right-hand  side  of  (20)  with  k  =  1,  accorrding  to  (11)  yields 

nr-  n 


q=ltJs  p*l  ^ 


for  all  V  e  W.  Now  define  x-,.  €  W,  for  each  q  =  l,,..,n,  to  be  the 

*  I  d 

unique  solution  (cf.  Lemmas  3  and  6)  of 


(24) 

Consequently, 

(25) 


r  n  _ 

p=l 


for  all  V  6  W. 


“  ‘Z^l^qV 

q=l 


Note  that  Z, is  a  real -valued  function  becaiise  the  same  is  true  for  each 

1  $  4 

a__-  Furthermore,  it  follows  from  (24)  and  the  definition  of  that 

Pm  0 

(26)  y  ~  0  ('oi'  V  e  W. 

0  l:q  q 


17 


The  following  formula  for  Sq^^)  can  be  easily  obtained  by  substituting 
(11)  and  (25)  into  (21): 


(27) 


where 


8o'‘>  '  — 


V  A  t  t  +A„ 
1  M  q  P  0 
p,q*l 


(28) 


pq 


^  r  a  (y)dy 
(2Tr)^  ^ 


(2jr) 


Theorem  16.  A„  €  R,  A  e  R,  A  =  A  ,  and  0  <  g_(t)  ^ 


pq 


qp  pq 


yilltr+yQ 


for 


t  €  r”. 


Proof.  A„  and  (A _  :  p, q  =  l,...,n}  are  real  numbers  because  each  inte- 

0  pq 

grand  in  (28)  is  a  real-valued  function.  It  follows  from  the  definition  of 

♦rt  and  from  the  formula  for  A  that 

0  pq 


A  = 

pq 


(2it) 


5*o‘’‘l;q*VV’ 


and  upon  using  (26)  with  v  =  %,  we  obtain 

I’.P 


(29) 


pq 


(2ii) 


H*0^^1;q^V^l;p*^P^  P.q=l . n. 


The  symmetry  of  A  follows  from  (29)  (auid  (ID),  since  symmetry  condi- 
Pm 

tions  eu'e  imposed  on  the  coefficients  a  ,  aind  since  each  function  involved 

pq 

in  (29)  is  real-valued. 


An  immediate  consequence  of  (1)  and  (28)  is  A  i  y  .  Next,  define 
n  u  u 

C(y.t)  *  Y,  ^n^a'  (25),  (26),  Lemma  6,  and  the  fact  that  z.,(*,t)  is  a 

q=l  ^  ^ 

periodic  function  imply 
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n 

y  A  t  t  =  [-!>(., t)  +C(-.t)] 

^  pq  q  p  (27t)^  °  ^  ^ 

p.q=i 

i  — ^l-iz.C-.t)  +?(*.t)i2 
(271)"  ^  ^ 


(271) 


n 


S  p*l  P 


t)  +  tpl  dy 


n  - 

^<l.l(-.t)l?.2^^tpJ^I»(^(y,t)]dyM2»)"l 


tll^} 


^  Tjlltl 


Then, 


s  y^lltll^  +  ro 


follows  from  (27). 


□ 


Next  we  prove 

Lemma  17.  There  are  positive  constants  t)  and  0  which  are  independent  of 
t  €  r"  such  that 

ll^j^(*,t)|| j  5  7)gQ(t)0*'(l+|lt|l)^  for  each  k  >  0. 


Proof.  After  stating  a  few  prelimineu'y  results,  the  proof  is  presented  in 
three  steps.  First,  an  upper  bound  for  derived  from  (20). 

This  result  is  then  used  with  (21)  in  order  to  obtain  8ui  upper  bound  on 
lgjj(t)|.  Finally  these  two  bounds  and  (22)  will  give  an  upper  bound  on 
Il01,(*.t)||j. 

It  follows  from  (11)  that  there  is  a  constant  c^  such  that 

(30)  l♦^(t)[0,v]|  S  Cj(l+||ti|)‘'|l^||j|lv||j  for  k  =  1,2, 

because  the  coefficients  a„  and  a  are  L  -functions.  The  closed  graph 

0  pq  oo  o  I- 

theorem  implies  that  there  is  a  constant  Cg,  which  we  take  to  be  larger  than 


IS 


(2n)’^^,  such  that 

(31)  ||v||j^  S  V  e  W. 

We  now  have  from  (20)  that 

CjC^(l  +  |lt||)|v|j  k=l 

^  ■CjC2{(l+l|t|l)|Xj(-.t)|^  +  (l+l|t||)^}|vlj.  k  =  2 

2  ^  1 

c^c‘  E  (l+||t||)‘J|Cj^_j(-,t)|^|v|2.  k  >  3. 

Lemmas  3  and  6  Imply 

Cg(l+I|t||).  k  =  1 

lz^(*.t)|^  S  -C3(lxj(*.t)|^  +  (l+||t||))(l+||tl|),  k  »  2 

C3(IXjj.l(-.t)li  +  (l+l|t||)lzj^_2(’-<^)ll)^l-"lltll^'  ^  ^  3, 

2 

°1^2 

in  which  c_  ■  - .  An  Induction  argument  proves 

d  ?! 

(32)  IX^(-.t)lj  5  (C3+I)‘'(l+I|t||)‘'  for  k  =  1,2 . 

Next,  using  (30),  (31),  and  (32)  in  (21)  yields 

®0  ^  V'  2 

'®k^^^'  ^  - n  2^'8j('^^|ClC2^1+i!tll)*(IZj,+  i_j(-.t)lj  +  (l+||t|l)|z^_j(.,t)|j) 

j=o 


Cic|(c  *2) 


(t)(l  +  l|t||) 


2 


k-1 

^  Igj(t)  I  (c3+l)^”J(l+||t||  )^”'^ 

J=0 


for  k  S  1.  A  consequence  of  Theorem  16  is  that  this  last  inequal ily  can  be 
rewritten  as 


20 


for  k  ^  1, 


k-1 

lgk(t)l  ^  ^|gj(t)|(c3+l)’''J(l+llt||)^"J 

J=0 

where 

20,0^(03.2) 

^  (2ir)\in{yQ,yj> 

Another  induction  argxunent  then  proves 

(33)  |gj^(t)|  5  gQ(t)(c3+l)^(c^+l)’'(l+||t||)’'  for  k  i  0. 

Finally,  substitute  (32)  and  (33)  into  (22)  to  obtain 

k-1 

Nk(*'t)lli  S  ^gQ(t)c2(c3+l)‘'(c^+l)J(l+||t||)*' 

J*0 

+  gQ(t)c2(c3+l)‘'(c^+l)'J(l+||t||  )*' 

S  C2g3(t)(c3+l)‘'(c^+2)‘'(l+||tn)‘', 

which  finishes  the  proof.  □ 

By  computing  a  majorizaing  series  for  (18),  the  next  theorem  is  a  conse¬ 
quence  of  Lemma  17. 

Theorem  18.  Let  7)  and  0  be  given  as  in  Lemma  17,  and  suppose  h  >  0  and 
t  €  r"  satisfy  0(l+llt||)h  <  1.  Then 

T»go(t) 

ll^('.h’tJlll  ^  i-0(i+||tl|)h’ 

euid 

k  _«lc+l 

ZJ  ^  k+1  k+1 

^j(-.t)h-J|ii  S  ,-.e(r.!fqi)h  h 

J»0 

for  k  i  0. 
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5.  Appendix. 

In  this  section  we  develop  some  of  the  theory  that  weis  used  in  section  3, 
when  maicing  some  of  our  analyticity  claims.  The  main  goals  here  are  Theorems 
19  and  29.  Throughout  this  section,  we  make  the  following  assumptions.  Let 
V  and  H  be  separable,  complex  Hilbert  spaces  in  which  V  is  a  compactly 
and  continuously  embedded  dense  subspace  of  H.  We  denote  the  aissociated 
inner  products  by  and  aissociated  norms  by  ll'lly 

and  11‘lljj-  Let  G  be  an  open  set  in  c”,  and  consider  a  faunily  of  sesqui- 
linear  forms  *(2)  :  VxV — »C,  defined  for  each  z  e  G.  Suppose  that  there 
are  real-valued  functions  M, 7,  and  defined  on  G  such  that  MCz)  >  0 
and  7(2)  >  0  for  z  €  G,  ft  is  continuous  on  G,  and  for  each  z  e  G 

(34)  |4(z)[0,v]|  <  M(z)  (|^||^||v(|y  for  all  ^  auid  v  in  V 
and 

(35)  7(z)l|v||y  5  Re(*(z)  [v,  v] )  +  ft(z)llv||y  for  all  v  e  V. 

Furthermore,  suppose  that  zi — »*(z)[^,v]  is  auialytic  on  G,  for  each  0 
and  V  in  V. 

For  a  given  w  e  H,  we  want  to  determine  the  dependence  on  z,  in  par¬ 
ticular  situations,  of  0(z)  €  V,  which  satisfies 

♦(z)[0(z),v]  =  (w,v)j^  for  all  v  €  V. 

In  so  doing,  we  will  consider  the  eigenvalue  problem:  seek  \(z)  €  C  and 
0(z)  €  V  such  that 

♦  (2)[0(z),v)  =  A(2)(0(z),v)j^  for  all  v  €  V. 

Let  a  e  G.  If  0  is  not  an  eigenvalue  of  ♦(a),  then  we  will  show  that 
♦(z)  exists  for,  and  depends  analytically  on,  z  in  a  neighborhod  of  a.  If 
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0  is  a  "simple"  eigenvalue  of  tCa),  then  we  will  show  that  X,  with  A(a) 
=  0,  is  analytic  in  a  neighborhood  of  a,  and  we  will  derive  an  expression 
for  ^(z),  exhibiting  its  dependence  on  X(z). 

When  z  is  one  complex  variable,  many  of  the  results  of  this  section  can 
be  found  in  [5].  An  importauit  difference  is  that  we  have  imposed  alternate 
conditions  ((34)  8uid  (35))  on  4(z).  This  allows  us  to  conclude  that  0  is 
analytic  with  values  in  V,  rather  than  in  H,  which  is  the  conclusoin  in 
[5]. 

At  this  point  we  want  to  give  a  definition  of  analyticity,  or  holomorphy, 
for  Banach  space  valued  functions  of  several  complex  vaniables.  Several  defi¬ 
nitions  are  possible.  In  a  setting  more  general  than  Banach  spaces,  three 
definitions  are  stated  and  proven  to  be  equivalent,  in  chapter  III  of  [4]. 
First  an  open  polydisc  A(a, p)  in  with  center  a  and  multiradius  p  s 

(pj . p^),  where  0  <  Pj  <  «,  is  defined  by 

A(a, p)  *  (z  €  c”  :  IZj-a^l  <  Pj  for  j  =  l,...,n>. 

Definition  19.  Let  W  be  a  Banach  space,  and  recall  that  G  is  an  opjen  set 

in  C^.  A  function  w  :  G — »W  is  analytic,  or  holomorphic,  if  for  each  a  e 

G  there  is  a  polydisc  A(a, p)  c  G  and  a  set  of  coefficients  {w  (a)  :  a  is 

a 

a  multi-index}  c  W  such  that  J]  w  (a)(z-a)*  converges  in  W  to  w(2) 

OSlal  “ 

for  each  z  €  A(a, p). 

We  will  have  several  occasions  in  which  the  next  two  lemmas  will  be  used. 
When  n  =  1,  proofs  can  be  found  in  [5],  and  for  the  general  caise  they  ane 
prove  in  [7].  Let  and  Hg  be  two  separable,  complex  Hilbert  spaces  and 

denote  the  inner  product  on  by  (•,*)2-  Denote  the  space  of  bounded 

linear  operators  mapping  into  H2  by  B(Hj,H2). 
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Lemma  20.  Let  T(z)  e  BiHj.Hg)  for  each  z  €  G.  The  following  statements 
are  equivalent: 

i)  T  :  G— >B(Hj.H2)  is  holomorphic; 

ii)  T(*)^  :  G — is  holomorphic  for  each  ^  e 

iii)  (T(*)^,v)2  :  G — »C  is  holomorphic  for  each  0  e  ajid  v  e 

Lemma  21.  Suppose  T  :G — »B(Hj,H2)  is  holomorphic,  and  let  a  €  G.  If 
T(a)  ^  €  B(H2,Hj^),  then  there  exists  a  neighborhood  G^  c  G  of  a  such  that 
T(z)  ^  exists  for  z  €  G^^  and  !(•)  ^  :  G^— >B(H2,Hj)  is  holomorphic. 

We  are  now  ready  to  state  and  prove  the  results  on  which  the  main 
theorems  of  this  section  are  based.  We  begin  by  showing  that  there  exists  a 
closed  operator  T(z)  :  D(T(z))  c  V— such  that  ♦(z)t^,v]  =  (T(z)^,v) 

H 

for  all  0  €  D(T(z))  and  v  €  V.  The  next  theorem  gives  one  way  of  con¬ 
structing  such  an  operator,  which  will  be  convenient  for  us  in  what  follows. 
Other  forms  of  this  representation  theorem  can  be  found  in  [5]  and  [6].  See 
also  [2]  and  [9]. 

Throughout  this  section,  we  will  denote  the  domain  and  range  of  an  opera¬ 
tor  T  by  D(T)  and  R(T).  Also,  in  the  next  theorem  only,  the  dependence 
on  z  eis  we  have  stated  so  far,  is  inconsequential,  and  so  we  drop  it. 

Theorem  22.  Let  ♦  :  VxV— »C  be  a  sesqui linear  form  for  which  there  exist 
real  constants  M  >  0,  y  >  0  and  p  such  that 


(34') 


|#[0, v]|  i  MII^II^IIvIIy  for  all  0  amd  v  in  V 


(35' ) 


0||v^  S  R(*[v,  v] )  +  pIIvII^  for  all  v  €  V. 


Then  there  is  a  unique  closed  operator  T  :  V— >H  such  that 
i)  D(T)  is  dense  in  V; 


ii)  *1^, v]  =  (T0, v)„  for  all  ^  e  D(T)  and  v  €  V;  auid 

n 

ill)  given  0  6V  and  w  €  H,  if  *  (w.v)^^  for  all  v  in  a 

dense  subspace  of  V,  then  0  €  D(T)  and  T0  =  w. 

Proof.  Uniqueness  follows  from  (ill);  let  there  be  another  closed  operator  S 

such  that  #[0, v]  =  (S0, v)  for  all  0  6  D(S)  and  v  €  V.  Then  0  €  D(T) 

n 

and  T0  =  S0. 

Since  the  embedding  of  V  in  H  is  continuous,  it  follows  from  the 
Riesz  representation  theorem  that  there  is  a  linean  operator  F  €  B(H,V)  such 
that 

(w,  =  (Fw,  v)^  for  all  w  6  H  and  v  6  V. 

Furthermore,  F  is  a  1-1  map,  and  R(F)  is  dense  in  V. 

Next,  it  follows  from  (34')  and  (35')  that  *[•,♦]+ p(  ♦,•  )jj,  as  a  ses- 
qui linear  form  on  VxV,  satisfies  the  hypotheses  of  Lemma  3.  From  the  dis¬ 
cussion  that  follows  Lemma  3,  it  follows  that  there  exists  an  operator  e 

B(V,V)  such  that  A  ^  €  B(V,V)  adn  ♦(0,v]  +p(#,v)„  =  (A  0,v)  for  all  0 

p  p  V 

and  V  in  V.  Now  define 

D(T)  a  {0  6  V  :  A^0  6  R(F)} 

and  set 

T  . 

in  which  I  is  the  identity  operator  on  H. 

Clearly  the  choice  of  p  in  (35')  is  not  unique.  That  the  definitions 
of  D(T)  and  T  are  independent  of  p  can  be  seen,  an  follows.  Let  p'  *  p 
be  a  real  number  for  which  (35')  remains  valid  when  p  is  replaced  by  p' . 
(The  value  of  y  >  0  maikes  no  difference.  )  The  definitions  of  A  and  A  , 

p  p' 

imply 
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for  all  <p  and  v  in  V.  Thus 

(A^,-M'F)^  =  (A^-#iF)^  for  all  ^  6  V, 

from  which  it  follows  that  A  e  R(F)  if  amd  only  if  A  ^  e  R(F),  and  that 

T  =  =  (F-'A|^,-M'niB„). 

Since  A^  is  an  isomorphism  on  V  amd  R(F)  is  dense  in  V,  it 
follows  that  D(T)  is  dense  in  V,  which  proves  (i). 

Statement  (ii)  follows  from  the  definitions  of  A^  amd  T. 

To  prove  (iii),  let  ^  e  V  and  w  e  H  such  that  *t0,v]  =  (w.v)^^  for 
all  V  in  a  dense  subset  of  V.  Then 

(A^^MF0,v)y  =  «[^,v]  =  (W,v)jj  =  (Fw,v)y 

for  all  V  in  a  dense  subset  of  V,  vdiich  implies  A^^-pF^  *  Fw  so  that 
^  e  D(T)  amd  T0  =  w. 

Finally,  T  :  D(T)  c  V— »H  is  a  closed  operator  because  A^^F  6  B(H, V).q 

Noting  (34)  and  (35),  Theorem  22  implies  the  existence  of  a  unique  closed 
operator  T(z)  :  V— »H  for  each  z  €  G,  such  that  D(T(z))  is  dense  in  v; 

♦  (z)(0, v]  =  (T(z)^, v)j^  for  all  0  e  D(T(z))  and  v  e  V;  and  for  any  w  e  H, 

(36)  T(z)0  =  w  if  aund  only  if  ^(z)[^,v]  =  (w,v)jj 

for  all  V  in  a  dense  subset  of  V. 

Since  T(z)  :  D(T(z))  c  V— is  closed,  the  resolvent  operator  R(<,z)  s 
(T(z)-<)  ^  belongs  to  B(H, V)  for  each  C  ®  p(T(z)),  the  resolvent  set  of 
T(z).  A  consequence  of  (34),  (35),  (36),  auid  Lemma  3  is  that  p(T(z))  con¬ 
tains  e  C  :  -Re  ^  ^  p(z)}.  A  staindau'd  result  in  the  spectral  theory  of 
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operators  is  that  p(T(z))  Is  am  open  set  in  C.  In  Theorem  24  below,  we 
will  prove  that 

(37)  9  m  {(C.z)  e  :  <  e  p(T(z))  and  z  €  G} 

Ir  an  open  set  also,  amd  that  R  :  >B(H,  V)  is  holomorphic. 

First  we  prove  a  preliminary  result. 

Lemma  23.  For  each  a  €  G,  if  <  €  p(T(a))  then  there  exists  a  neighborhood 
G  „  c  G,  of  a  such  that 

i)  <6  p(T(z))  and  R(<,z)  e  B(H,V)  for  all  z  e  G  amd 
li)  zi — >R(<,2)  €  B(H,V)  is  holomorphic  on  G 

Proof.  The  continuity  of  |i  allows  us  to  choose  a  neighborhood  G  c  G  of 

a 

a,  and  a  number  p  ^  p(z)  for  z  e  G  ;  that  is, 

a  a 

3r(z)l|v||y  5  Re(*(z)(v,v] )  +  M^llvll^ 

for  all  V  e  V  and  z  e  G  .  We  will  first  prove  the  lemma  for  <  =  -p  amd 

a  a 

then  use  the  identity 

(38)  (T(z)-C)r(-p  ,z)  =  I„ -  (C+P.,)R(-1»  ,z)  for  z  e  G  , 

a  n  a  a  a 

to  prove  the  lemma  for  arbitrary  <  e  p(T(a)). 

As  in  the  proof  of  Theorem  22,  associate  am  operator  A  (z)  e  B(V,V)  to 

a 

*(z)  such  that 

(39)  ♦(z)[0,v]  +  p^(^,v)jj  =  (A^(z)^,v)y 


for  all  0  amd  v  in  V.  It  was  shown  there  that  while  A^(z)  depends  on 
the  choice  of  p  ,  A  (z)  -  p  F  does  not  depend  on  p  ,  where  F  6  B(H,V)  is 


defined  by  (Fw, v)y  =  (w, vl^^  for  all  w  €  H  adn  v  €  V.  Furthermore, 

D(T(z))  =  (0  €  V  :  kjz)ip  €  R(F)}  and  T(z)  =  (F'^A  (z)-p  )k,_,  ,,  for 

a  a  a  D(T(zJ  J 

z  €  G  .  Consequently,  T(z)  +p  =  F  ^A  (z)ln,_,  ..  is  a  one-to-one  map  of 
a  aaD(TizJJ 


27 


D(T(z))  onto  H,  and  it  follows  that  -jx  e  p(T(z))  whenever  z  e  G, . 
According  to  Lemma  20  and  the  hypothesis  that  zi — >4(z)[^,v]  is  analytic,  it 
follows  from  (39)  that  A  :  C  — >B(V,V)  is  holomorphic.  Since  A  (z)  ^  € 

cL  2L  SL 

B(V,V)  for  each  z  in  G  ,  Lemma  21  implies  that  A  ;  G,-^B(V,V)  is 

SI  1 

holomorphic.  Therefore  zi — >R(-u  ,z)  ®  A  (z)  e  B(H,V)  is  holomorphic  on 

St  SI 

G  . 
a 

Now,  €  p(T(a)).  When  z  *  a,  the  left-haund  side  of  (38)  is  a  one-to- 
one  map  of  H  onto  H;  hence  its  inverse  exists  amd  belongs  to  B(H,H).  As 
a  function  of  z  with  values  in  B(H,H),  R(-p  ,z)  is  holomorphic  on  G 

St  St 

because  it  is  holomorphic  as  a  function  with  values  in  B(H, V)  amd  because 

the  embedding  of  V  into  H  is  bounded.  Thus  the  right -hamd  side  of  (38), 

ais  a  funciotn  of  z  with  values  in  B(H, H),  is  holomorphic  on  G  ,  and  its 

a 

inverse  belongs  to  B(H, H)  when  z  =  a.  According  to  Lemma  21,  there  is  a 
neighborhood  G  _  c  G  of  a  on  which 

oL^  3. 

zi— )CI-(C+u  )R(-p  ,z))"^  e  B(H,H) 

3  3 

is  holomorphic.  Therefore,  <  e  p(T(z))  for  z  e  G^^,  and  the  holomorphy  of 
2  €  G  I— ^R«,z)  =  R(-u  ,z)(I-(C+p  )R(-p  ,z))~^  e  B(H,V) 

®  3  3 

follows. 

Theorem  24.  The  set  defined  by  (37),  is  open  in  and 

(^,z)i — »R(^,z)  e  B(H,V)  is  holomorphic  on 

Proof.  Let  (Tf},a)  e  '§.  This  proof  is  essentially  a  cau'eful  repetition  of  the 
second  part  of  Lemma  23,  with  i\  replacing  -p  .  Lemma  23  implies  that  a 

3 

neighborhood  G  c  G  of  a  can  be  found  such  that  t)  e  p(T(z))  for  z  € 

37| 

and  zi — >R(7>,z)  6  B(H,V)  is  holomorphic  on  G  Analogous  to  (38), 

a7j  at) 

we  have 
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(40) 


(T(z)-C)R(t7.z)  =  I  -  (C-t))R{tj,2)  for  z  6 

Now  the  right-hand  side  of  (40),  as  a  function  of  (<,z),  with  values  in 

B(H,  H),  is  holomorphic  on  takes  on  the  value  I  when  (C.z)  = 

(il.a).  A  consequence  of  Lemma  21  is  that  there  is  a  neighborhood  ^  c  CxG 

Tja  at) 

of  (h  a)  on  which  (<,2)1 — » (  I-(C-t))R(t).  z)T^  e  B(H,H)  is  holomorphic. 

Hence,  C  €  p(T(z))  for  (<,2)  €  'S  ,  which  implies  that  '§  is  open.  It 

Tja 

follows  that 

(<,z)i — >R(<,z)  =  R(tj,z)  (I-<-tj)R(t),  z) )  ^  €  B(H,V) 
is  holomorphic  on  □ 

The  enxt  corollary  states  a  condition  on  the  faunily  {*(2)  :  z  €  G> 
which  guarantees  that  the  operator  Kz)  is  self-adjoint  if  z  e  G  a  R^. 

Corollary  25.  Suppose  that  z  =  (Zj,...,z^)  6  G  whenever  z  6  G.  If 

-  ^ 
*(2)(v,^]  =  ♦(z)[0,vl  for  all  <p  and  v  in  V  auid  for  z  e  G,  then  T(z) 

=  T(z)  for  all  z  €  G,  in  which  T(z)  is  the  adjoint  of  T(z)  as  am 

operator  on  H. 

Note  that  R(<,z)  is  compact  ais  aui  operator  on  H,  when  <  €  p(T(z)), 
beacuse  R(C,z)  €  B(H, V)  and  V  is  compactly  embedded  in  H  by  hypothesis. 
Consequently,  the  spectrum  of  T(a)  consists  entirely  of  eigenvalues  that 
have  finite  multiplicity  and  no  finite  accumulation  point. 

Recall  that  given  w  e  H,  we  want  to  determine  the  existence  and  the 
dependence  upon  z  of  the  solution  ^(z)  e  V  of 

♦  (z)[^(z),v]  =  (w,v)jj  for  all  v  6  V. 

It  follows  from  (36)  that  this  is  equivalent  to  solving  T(z)^(z)  =  w.  When 
0  is  not  an  eigenvalue  0(z)  =  R(0,z)w.  Lemma  23  yields 
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Theorem  26.  ^  :  {z  e  G  :  0  e  p(TCz)  )}~^V  is  holomorphic. 

When  0  is  a  simple  eigenvalue,  we  have  the  following  result. 

Theorem  26.  Let  a  e  G  euid  suppose  0  is  a  simple  eigenvalue  of  T(a). 

Then  there  exists  a  neighborhood  G  c  G  of  a  and  two  functions  X  and 
zi — »P(z)  e  B-(H, V),  which  are  holomorphic  on  G  ,  such  that  A(a)  =  0,  X(z) 

SL 

is  a  simple  eigenvalue  of  T(z),  and  P(z)  projects  H  onto  the 
1-dimensional  elgenspace  that  corresponds  to  A(z).  Furthermore,  there  exists 
another  holomorphic  function  z  e  G  i — »R  (0,z)  e  B(H, V)  such  that 

(41)  0(z)  =  j^|^P(z)w  + R2(0,z)w 

for  all  z  €  G  for  which  X(z)  *  0. 
a 

The  remainder  of  this  section  will  be  devoted  to  the  proof  of  Theorem  27. 
The  theory  concerning  the  eigenvalue  problem  aissociated  to  T(z)  is  well 
developed  (cf.  [5]).  In  fact,  the  form  of  0(z)  in  (41)  is  a  direct  conse¬ 
quence  of  that  theory.  We  repeat  here  many  of  these  ideais  in  the  process  of 
proving  the  conclusions  about  zinalyticity. 

Since  the  spectrum  of  T(a)  is  a  discrete  set  of  eigenvalues  having  no 
finite  accumulation  point,  a  Jordan  curve  ceui  be  drawn  in  p(T(a))  so  as 
to  enclose  an  open  set  in  C  containing  0  in  its  interior  emd  the  other 
eigenvalues  in  the  exterior  of  its  closure.  Then  ^x(a}  c  where  S  is 
the  open  set  defined  by  (37).  Hence,  for  each  C  €  ?  there  is  a  disc 
D(<,r(C))  c  C,  (r(^)  >  0,  is  the  radius)  Euid  a  polydisc  A(a,p(<))  c 
such  that 

(C,a)  e  D(C,r«))xA(a,p(C))  c 

However,  is  compact,  so  a  finite  set  (C,  €  lo  ;  J  =  l,...,k}  can  be 

u 

chosen  such  that  {D(Cj.r(<j))  :  J  =  l,...,k}  covers  Consequently,  ?  c 
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k 

p(T(z))  for  2  e  G'  s  Q  A(a,p(<.)). 

J=1 

Next  the  operator  P(z)  is  defined  for  z  €  G'  as  a  Rlemsinn  integral  of 

8L 

B(H,V)- valued  functions  by 

(42)  P(z)  3  R«.z)d<. 

Jg 

It  is  shovm  in  [5]  (Theorems  III-6.17  and  VII-1.7)  that  P(2)  is  a  projection 
operator  and  that  P(a)  maps  H  onto  Mj(a),  the  1-dimensional  eigenspace 
^lssociated  with  the  eigenvalue  0  of  T(a).  Moreover,  H  can  be  decomposed 
as  H  =  M^(z)  +M2(z)  for  z  €  G^,  in  which 

(43)  M^(z)  3  p(z)H  and  s  (I-P(z))H. 

It  is  also  true  that  P  :  G''— ♦B(H,V)  is  holomorphic  because,  by  Theorem  24, 

8l 

the  same  is  true  of  R  ;  >B(H, V).  Since  dim(Mj(a))  ®  1,  and  since 

P  :  G^— >B(H, H)  is  continuous  (recall  that  V  is  continuously  embedded  in 
H),  it  follows  from  [5]  (paragraphs  I-§4.6  and  IV-§3.4)  that 

(44)  dim(M, (z))  =  1  for  z  e  G' . 

1  a 

Now  let  \fi  €  M,  (a)  and  non-zero,  euid  define  G  to  be  an  open 

SL  1  Si 

connected  subset  of  G'  such  that  a  €  G  and  (P(z)^  ,4i  )  *  0  for  z  e  G  . 

3L  Si  8L  81.  3. 

Next,  define 

(45)  ^(z)  3  P(z)^  for  z  6  G  , 

a  a 

emd  it  follows  that  iji  :  G  —*V  is  holomorphic  with  ^(a)  =  ^  . 

3  3 

It  follows  from  paragraphs  III-§5.6  eind  III-§6.1  of  [5]  that  for  z  €  G  , 

a 

P(z)v  €  D(T(z))  for  all  v  €  D(T(z)), 

and 
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T(z)v  €  for  V  €  ^  D(T(z))  aind  k  =  1. 


Thus  :  Mj^(z)— »Mj^(z)  for  k  =  1,2,  and  for  z  e  can  be  defined  by 

Tj^(z)  a  'i.^(z)r\D(T(z) )  ■  eigenvalue  problem  has  now  been  decomposed 

into  two  eigenvalue  problems,  one  for  each  in  Of  particulair 


interest  here  is  the  eigenvalue  problem  for  T,(z),  because  0  auid  0  form 

1  sl 


an  eigenvalue-eigenfunction  pair  for  Tj(a). 


According  to  (44),  T^Cz)  is  a  1-dimensional  operator.  Therefore,  A(z) 


trace(T,(z))  is  the  eigenvalue  of  T.(z),  i.e.,  for  each  z  e  G  , 

1  X  8t 


(46)  T(z)^  =  T,(z)^  =  A(z)0  for  all  ^  e  M,(z)  n  D(T(z)). 

a  1  z  z  z  1 


In  (46),  setting 
yields 


It  =  P(z)0  and  taking  inner  products  in  H  with  0  , 

Z  dl  8L 


(47) 


(T(z)P(z)0^,l^^)„ 

A(z)  ®  — n3'r~r  I — T~\ -  z  €  G  . 

(P(z)^a-'^a^H  ^ 


Since  T(z)  is  a  closed  operator,  it  follows  from  (42)  and  the  identity 
T(z)R(<,z)  =  I+<R(<,z)  that  T(z)P(z)  =  “2^  J  CR(C.z)dC.  Consequently, 


zi — »T(z)P(z)  e  B(H, V)  is  holomorphic  on  G  (c  G').  Therefore,  the  analy- 

81  81 

ticity  of  A  on  G  follows  from  (47)  because  G  was  chosen  so  that 

a  a 

(P(z)0  ,0)^0  when  z  e  G  .  Since  'S  c  p(T(z))  for  all  z  e  G  ,  A(z) 
a  a  a  a 

lies  in  the  interior  of  the  open  set  enclosed  by  wheresis  the  remainder  of 

the  spectrum  of  T(z)  must  lie  in  the  open  set  that  is  exterior  to 

Let  z  €  G  such  that  A(z)  *  0.  Then  R(0,z)  exists  and  commutes  with 
a 

P(z).  Consequently,  we  can  define  Rj^{0,z)  e  B(H,V)  for  k  =  1,2,  by 


R,(0,z)  a  (R(0,z)P(z)  =  P(z)R(0,2), 


R^(O.z)  s  R(0,z)(I-P(z))  =  (I-P(z))R(0,z). 


By  peisslng  R(0,z)  under  the  integral  sign  in  (42),  then  using  the  resolvent 
equation  to  otbain  R(0, z)  -  R(<,  z)  =  -<R(0, z)R(C.  z)  when  0  and  <  are  in 
p(T(z)),  and  noting  that  0  lies  inside  the  open  set  enclosed  by 


(48) 


R(0.z)P(z)  =  R(O.z) 


R(C.z) 


<i< 


is  obtained  for  each  z  e  G  such  that  \(z)  *  0.  However,  t  c  p(T(2))  for 

sl 

all  z  e  G  ,  so  that  the  second  term  on  the  right-hauid  side  of  (48)  is  holo- 

8L 

morphic  as  a  function  of  z  on  G  with  values  in  B(H, V).  Consequently, 

3l 

zf— ^RglS.z)  €  B(H,V)  can  be  continued  analytically  to  all  of  G^. 

Finally,  it  is  clear  from  (43)  and  the  definition  of  R^(0,z)  that 
Rj(0,2)w  e  Mj(z)  A  D(T(z))  for  all  w  e  H  and  for  each  z  6  G  such  that 
X(z)  #  0.  Then  (46)  implies 

X(z)R^(0,z)w  =  T(2)Rj(0,z)w  =  T(z)R(0,z)P(z)w  =  P(z)w, 


from  which  Rj(0,  iyP(z)w  is  obtained  from  all  w  e  H  aind  for  each 

z  €  G  such  that  X(z)  *  0.  This  finishes  the  proof  of  Theorem  27  because 
^(z)  =  R(0,z)w  =  R^(0,z)w+ R2(0,z)w  when  X(z)  *  0. 
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